Published by Institute of Physics Publishing for SISSA/ISAS Received: January 25, 2002 Accepted: March 18, 2002

Unstable solitons on noncommutative tori and D-branes^∗

Anatoly Konechny

Department of Physics, University of California at Berkeley and Theoretical Physics Group Mail Stop 50A-5101 Lawrence Berkeley National Laboratory Berkeley, California 94720 E-mail: konechny@thsrv.lbl.gov

Abstract: We describe a class of exact solutions of super Yang-Mills theory on evendimensional noncommutative tori. These solutions generalize the solitons on a noncommutative plane introduced in [7] that are conjectured to describe unstable D2p-D0 systems. We show that the spectrum of quadratic fluctuations around our solutions correctly reproduces the string spectrum of the D2p-D0 system in the Seiberg-Witten decoupling limit. In particular the fluctuations correctly reproduce the 0-0 string winding modes. For p = 1 and p = 2 we match the differences between the soliton energy and the energy of an appropriate SYM BPS state with the binding energies of D2-D0 and D4-D0 systems. We also give an example of a soliton that we conjecture describes branes of intermediate dimension on a torus such as a D2-D4 system on a four-torus.

Keywords: D-branes, Non-Commutative Geometry, Superstrings and Heterotic Strings.

∗This work was supported by the Director, Office of Energy Research, Office of High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under Contract DE-AC03- 76SF00098 and in part by the National Science Foundation grant PHY-0098840.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep032002035 /jhep032002035 .pdf

Contents

1. Introduction 1

2. D2, D0 and D0-D2 modules 3

3. Solitons on a two-torus and D0-D2 system 7

4. Generalizations 13

5. Some open problems 17

1. Introduction

The D0-D2p system in the presence of a constant background B-field was first studied in [1]. Later in [2] it was shown that in a certain decoupling limit the low energy effective theory on D2p-branes with a constant B-field can be described by means of a noncommutative super Yang-Mills (SYM) theory. The D0-D2p system in a B-field was further analyzed in [2, 3]. For a generic constant B-field such systems with point-like D0-branes are unstable. However for a certain locus of the B-field moduli we can have bound states with smeared D0-branes and in more restricted regions we can have bound states of point-like D0 branes sitting on top of the D2p-brane. Thus it was shown in [27] (see also [26, 28]) that the D0- D6 system, which is not supersymmetric in the absence of a B-field background, becomes supersymmetric for certain values of B.

In papers [4]–[9] a number of exact solitonic solutions in noncommutative SYM theory on a plane was constructed and their interpretation in terms of D-branes was given. In particular in [7] solitonic solutions describing unstable D0-D2 and D0-D4 systems were studied. It was shown that the solitons have a correct fluctuation spectrum and their energies match with the binding energies in the corresponding brane systems. These exact solutions describing non-BPS configurations are powerful tools in studying such systems, in particular tachyon condensation.

The aim of the present paper is to construct analogous solitonic solutions on tori in the presence of a large B-field background (understood in terms of the decoupling limit of [2]). To describe our approach to constructing such solitons let us first remind the reader the essential ingredients in the construction of SYM solitons on the plane as presented in the papers cited above.

– 1 –

First, our fields are functions on a noncommutative plane and they can be conveniently represented as operators acting on a Fock space. More precisely in complex coordinates on a two-plane (taken just for the purposes of illustration) one has the following representation of gauge fields (here we use the notations of [7]) A_z = iC − a^† , A_{z̄} = −iC̄ − a , where a and a^† are annihilation and creation operators and C and C̄ are essentially arbitrary operators (to specify a finite energy gauge field the fields A_z, A_{z̄} have to be gauge trivial at infinity, see [30] for a detailed discussion). In terms of the variables C, C̄ the Yang-Mills equations of motion in the Coulomb gauge take the form

∂^2_t C = [C, [C, C̄]]

plus the conjugated equation.

Next one can introduce the so called partial isometry operators S and S^† that satisfy

SS^† = 1 , S^†S = 1 − P_0 ,

where P_0 is a projector onto the Fock vacuum subspace. It is easy to see then that dressing transformations C → (S^†)^ma^†S^m generate solutions of the static equation [C, [C, C̄]] = 0 and carry m > 0 units of magnetic flux.

Such a dressing transformation singles out a finite dimensional subspace in our Fock space. The projector on this subspace is P_{m−1} = ∑_{m−1} i=0 |i⟩⟨i|. The curvature operator has nonvanishing components only for matrix elements between vectors from this subspace. If we consider fluctuations around our soliton then fluctuations with matrix elements between vectors from the subspace singled out by P_{m−1} describe strings attached to a D0 brane (that in this case seats at the origin). Fluctuations with matrix elements from the orthogonal complement describe D2-D2 strings and the off-diagonal ones describe D0-D2 strings.

As it can be easily deduced from this construction (see [17, sections 3.1, 3.2] for a pedagogical explanation) a generic module (representation) of the algebra of functions on a noncommutative plane denoted R_θ has a form of a direct sum

(F)^m ⊕ (R_θ )^n ,

where F is a module that carries a unit of magnetic flux and is built on a Fock representation of the operator algebra R_θ and (R_θ )^n stands for n-copies of a free module, i.e. a copy of the algebra itself with an action by a (right or left) multiplication. This can be shown to hold for an arbitrary even-dimensional noncommutative plane with the numbers m and n being analogs of the instanton number and the rank of the gauge group, or respectively D0 and D2 brane charges.

The projector P_{m−1} can be viewed as a projector specifying a projective module, that is an analog of vector bundles in noncommutative geometry. For noncommutative tori

– 2 – such projectors specifying projective modules that carry nontrivial topological numbers are also known. In the two-dimensional case there is an explicit construction by Powers and Rieffel [15]. There are also other approaches to constructing projectors based on theta-functions [31, 32]. These constructions are certainly more complicated then the simple expression for the P_{m−1} above and we find them to be not very convenient from the computational point of view. On the other hand there is a different, more straightforward description of projective modules over noncommutative tori [14] when one simply specifies an action of the algebra generators on a Hilbert space. There is a simple class of projective modules that posses a constant curvature connection. These modules and connections on them can be used as building blocks to construct modules with various topological numbers and solitonic solutions on them. This will be our starting point in constructing solitons describing unstable D-brane systems on tori. Despite the fact that we will not be using explicit projector operators and partial isometries we will still be able effectively describe those solitons, compute their energy and fluctuations and analyze their moduli. We will see however (see the last section 5 of the paper) that this approach has some limitations and contrary to the unstable ones the BPS solutions can have a complicated description in the picture we use. And it would be desirable for the purposes of describing tachyon condensation to construct some analogs of partial isometry operators.

The paper is organized as follows. Our main example will be D0-D2 system on a twotorus. In section 2 we will describe projective modules describing a single D2, a single D0 and a D0-D2 system. In section 3 we introduce a solitonic solution on the D0-D2 module. We match the excess energy of the soliton above the energy of the SYM BPS state with the binding energy of the D0-D2 system, match the spectrum of fluctuations and discuss the solitons moduli space. In section 4 we introduce various generalizations of the system discussed in section 2. First we introduce a soliton on an arbitrary even-dimensional torus that generalizes the D0-D2 soliton. We compute the difference between the soliton energy and the SYM energy of the BPS state for the case of a four-torus and match it with the D0-D4 binding energy. We also show how one can construct solitons that we conjecture to describe a system with branes of intermediate dimension. We pick a D2-D4 system on a four-torus to illustrate this type of generalization. Finally, in that section we also discuss systems with multiples of branes of various dimension. In section 5 we discuss some open problems, in particular application of our results to tachyon condensation.

2. D2, D0 and D0-D2 modules

In this section we will introduce the basic mathematical constructions needed to describe D0 and D2 branes on noncommutative two-tori. We will be rather succinct and will only introduce the objects directly needed to describe the D0-D2 system. We refer the reader to the review papers [16], [17] for a more detailed exposition of the mathematical tools used here.

Consider a torus T^d with coordinates x^i ∼ x^i +1, i = 1, . . . , d and metric G_{ij} . Given an antisymmetric d × d tensor θ^{ij} we can define an algebra of functions on a noncommutative

– 3 – torus T^d_θ as an algebra with generators U_i satisfying the relations

U_iU_j = e^{2πiθij} U_jU_i . (2.1)

It is convenient to define linear generators U_n = U^{n1}_1 U^{n2}_2 · · · · · U^{nd}_d e^{−πi ∑j<k nj nkθjk} , (2.2) where n = (n_1, . . . , n_d), n_i are all integers and U^{−n}_i , n_i > 0 is understood as an n-th power of an inverse operator. A general function on T^d_θ can be represented as f = ∑ n∈Z^d c(n)U_n ,

where c(n) are C -valued coefficients.

Vector bundles over noncommutative tori are described by means of projective modules. Throughout the paper we work with right modules. To make the discussion more explicit in the remaining part of this section we will concentrate on two-dimensional tori. All of the constructions we will present below have a straightforward generalization for higher-dimensional tori to be discussed in section 4.

We can assume that a two-dimensional noncommutative torus is specified by a real number θ ≥ 0 so that θ^{ij} = θϵ^{ij}. It is known that a projective module E over T^2_θ is specified by two integers n, m such that dim(E) = n + mθ > 0 [13, 14]. These numbers specify a K-theory class of E so that n corresponds to the D2-brane charge and M to the D0-brane charge respectively. Below we describe two elementary modules, one carrying a unit of D2 brane charge and another one carrying a unit of D0 charge. Both modules were discussed informally in [2, section 6.2].

D2 module. This module to be denoted E_{1,0} has topological numbers n = 1, m = 0 and is just a rank one free module. Its elements are elements of the T^2_θ itself and the algebra acts by multiplication from the right. An arbitrary Yang-Mills field on E_{1,0} can be written in the form ∂_j + iu_j where ∂_j act according to ∂_j (U_n) = 2πin_j U_n and u_j are operators of left multiplication by elements u_j ∈ T^2_θ denoted by the same letters. We also assume that u_j are hermitian with respect to the involution ∗ that acts on the generators as U^∗_n = U_{−n}.

D0 module. This module denoted E_{0,1} has topological numbers n = 0 and m = 1. It can be explicitly defined in terms of generators U_1, U_2 acting on functions of one variable ϕ(x) ∈ L_2(R^1 ) as follows

ϕ(x)U_1 = ϕ(x − θ) , ϕ(x)U_2 = e^{2πix}ϕ(x) . (2.3)

The module E_{0,1} has a constant curvature Yang-Mills field denoted ~∇^0_j that acts as

~∇^0_1ϕ(x) = 2πi θ x · ϕ(x) , ~∇^0_2ϕ(x) = ∂ϕ(x) ∂x , (2.4)

and the curvature is F_{12} = [ ~∇^0_1, ~∇^0_2] = − 2πi θ · 1 , (2.5)

where 1 stands for a unit operator on E_{0,1}.

– 4 –

An arbitrary connection can be represented in the form ∇_j = ~∇^0_j + iz_j where z_j belongs to the algebra End_T 2_θ (E_{0,1}) of endomorphisms of the module E_{0,1}. It consists of all operators acting on E_{0,1} that commute with the action of T^2_θ . The algebra End_T 2_θ (E_{0,1}) is itself an algebra of functions on the T-dual noncommutative torus T_{1/θ}. Its generators Z_j act on E_{0,1} as follows

Z_1ϕ(x) = ϕ(x + 1) , Z_2ϕ(x) = e^{2πix/θ}ϕ(x) . (2.6)

It is straightforward to check that the operators Z_i commute with the operators U_i given in (2.3) and satisfy the commutation relation

Z_1Z_2 = e^{2πi/θ}Z_2Z_1 .

Similarly to generators U_n (2.2) we can introduce a set of linear generators Z_n for T^2_{1/θ}; one just needs to replace θ with 1/θ and U’s with Z’s in (2.2). Then for an arbitrary connection ~∇^0_j + iz_j we can write

z_j = ∑ n∈Z^2 a_j(n)Z_n ,

where a_j(n) are numbers. (As a point of mathematical rigor we should remark here that the functions ϕ(x) should be assumed to be smooth and decaying at infinity faster than any polynomial to ensure a well defined action of operators ~∇^0_j and polynomials thereof.)

Fock space picture. Note that the operators (2.4) give a single copy of the irreducible representation of the Heisenberg algebra. The whole module E_{0,1} can be described in terms of a Fock space that is very similar in spirit to the construction of D0-module on noncommutative R^2 . Introduce creation and annihilation operators as

a^† = √ π θ x − √ θ 4π ∂ ∂x a = √ π θ x + √ θ 4π ∂ ∂x (2.7)

then we have ~∇^0_1 = i √ π θ ( a + a^† ) , ~∇^0_2 = √ π θ ( a − a^† ) . (2.8)

The generators U_j of the torus and the generators Z_j of the dual torus can also be expressed in terms of a and a^† and for the vectors of E_{0,1} instead of the Schroedinger representation ϕ(x) we can go to the occupation number representation.

D0-D2 module. In the next section we will work with a module E = E_{0,1} ⊕E_{1,0} that is a direct sum of the two modules discussed above. Elements of this module can be represented as a pair (ϕ(x), a), ϕ(x) ∈ L_2(R^1 ), a ∈ T^2_θ that we will write as a column vector ( ϕ(x) a ) .

– 5 –

An arbitrary Yang-Mills field on such a module can be written in the following form

∇_j = ∇^0_j + i ( z_j ψ_j ψ^∗_j u_j ) , (2.9)

where ∇^0_j = (~ ∇^0_j 0 0 ∂_j )

is simply the direct sum of the two fiducial connections introduced above. As about the second term in (2.9) the diagonal blocks z_j and u_j were already described above, the off-diagonal blocks ψ_j and ψ^∗_j should specify T_θ-linear mappings from the free module E_{1,0} to E_{0,1} and in the opposite direction respectively. It follows from T_θ-linearity that ψ_j (a) = ψ_j (1 · a) = ψ_j (1)a and hence to specify the mapping ψ_j we only need to know its value on the unit element 1 ∈ T^2_θ . The last one is a function from L_2(R^1 ) to be denoted ψ_j (x). The construction of the conjugated mappings ψ^∗_j : E_{0,1} → E_{1,0} is a bit more involved. Given a function ϕ(x) we need to map it into an element of the torus algebra in a way that commutes with the action of T^2_θ . This is done by using the T^2_θ -valued inner product ⟨, ⟩_T 2_θ : ψ^∗_j (ϕ) = ⟨ψ_j , ϕ⟩_T 2_θ ,

where on the right hand side ψ_j = ψ_j (x), ϕ = ϕ(x) are both elements of E_{0,1}. The inner product at hand can be defined by the following explicit formula ⟨ψ, ϕ⟩_T 2_θ = ∑ n∈Z^2 ⟨ψ, χU_{−n}⟩_C U_n = ∑ n_1,n_2 U_ne^{−πin1n2θ} ∫ dx ψ̄(x)ϕ(x + n_1θ)e^{−2πixn2} . (2.10)

It is easy to check that this inner product satisfies the desired T^2_θ -linearity property ⟨ψ, ϕa⟩_T 2_θ = ⟨ψ, ϕ⟩_T 2_θ · a , where on the LHS a stands for the right action of a ∈ T^2_θ on E_{0,1} specified in (2.3) and on the RHS we have a multiplication of two elements of T^2_θ .

According to the discussion in [2, section 6.3] the algebra T^2_θ is the algebra of ground state 2-2 strings, T^2_{1/θ} is that of 0-0 strings and they both act naturally on the 0-2 strings, each at the corresponding end of the string. The 0-2 strings in their turn are described by elements of E_{0,1} ∼= L_2(R^1 ) and the actions of 2-2 and 0-0 algebras are given by operators (2.3), (2.6). The fact that we have a left and a right action stems from the difference in outward orientations of the open string at σ = 0 and σ = π. On the Yang-Mills side all of this fits very well with the interpretation of the diagonal blocks in (2.9) as the ones describing excitations of 0-0 and 2-2 strings and the off-diagonal ones describing excitations of 0-2 strings.

In order to construct a SYM action functional on E_{0,1} ⊕ E_{1,0} we need to define a trace on the algebra of endomorphisms of this module, i.e. on operators having a 2 × 2 block

– 6 – form as in (2.9). It is defined as Tr ( z ψ ψ^∗ u ) = Tr_{1/θ}z + Tr_θu (2.11)

where Tr_{1/θ} and Tr_θ are traces on the algebras T^2_{1/θ} and T^2_θ respectively defined as

Tr_{1/θ} ∑ n∈Z^2 a(n)Z_n = θa(0)

Tr_θ ∑ n∈Z^2 c(n)U_n = c(0) (2.12)

(see e.g. [16] for an explanation of the normalizations of the traces). When we multiply two operators having a block form as above and then take a trace the following identities [15, 14] are quite useful Tr_{1/θ}ψ ∘ χ^∗ = Tr_θχ^∗ ∘ ψ = Tr_θ⟨χ, ψ⟩_T 2_θ = ⟨χ, ψ⟩_C . (2.13)

3. Solitons on a two-torus and D0-D2 system

The soliton. We consider a SYM theory on T^d_θ × R^1 where R^1 corresponds to the time direction. The action functional in the Coulomb gauge has the form S = − √ G 4g^2_{Y M} Tr ( −2∂_tA_iG^{ij} ∂_tA_j + F_{ij} F_{kl}G^{ik}G^{jl} + 2[∇_i, X_I ]G^{ij} [∇_j , X^I ] + [X_I , X_J ]^2 ) + +fermionic term. (3.1)

Here the indices i, j, k, l run from 1 to d, the indices I, J run from d + 1 to 9, ∇_i = ∇^0_i + iA_i stand for the Yang-Mills fields and X_I for the scalar fields, G^{ij} is the torus metric and g_{Y M} is the Yang-Mills coupling constant.

To describe a D0-D2 system on T^2_θ we consider the action functional (3.1) for d = 2 with the fields acting on a module E_{1,1} ∼= E_{0,1} ⊕ E_{1,0} described in the previous section. There exists a^1_2 -BPS solution on this module describing a D0 brane dissolved inside a D2 brane wrapped on T^2_θ . Our prime interest here is however in an unstable soliton describing a point-like D0-brane sitting on top of D2 brane (or more generally being displaced away in the transverse to the D2-brane direction by some small distance). This soliton is a torus analog of the solitonic solution of [7] on a noncommutative two-plane. Below we will refer to the unstable configuration as an undissolved D0 on D2 system. The BPS configuration describes a bound state that should be the end point of tachyon condensation in the unstable system. We will have a further discussion of the BPS state later when computing the soliton binding energy.

We propose to use the following static solution of SYM equations to describe the undissolved D0 on D2 system on T^2_θ

∇_j = (~ ∇^0_j + ic_j · 1 0 0 ∂_j ) , X^I = ( x^I · 1 0 0 0 ) . (3.2)

– 7 –

Here the constants c_j describe the position of D0 brane on a torus and x^I ’s are its transverse coordinates (see a more detailed discussion later).

The curvature of this solution has a block form

F_{12} = ( −^{2πi}_θ 1 0 0 0 )

and the energy is E_{sol} =

(2π)^2 4g^2_{Y M} √ det(Gθ) ( 1 θ ) ij G^{ik}G^{jl} ( 1 θ ) lk . (3.3)

In two dimensions this expression reduces to

(2π)^2 2g^2_{Y M} √ detGθ . (3.4)

Soliton energy vs. D0-D2 binding energy. The excess of the soliton energy (3.4) above the Yang-Mills energy of the bound state should be compared to the binding energy of the D0-D2 system in a constant B-field. Note that on the plane the process of tachyon condensation goes through a spreading of the D0-brane flux over the infinite volume of the plane. The Yang-Mills energy of the limiting bound state vanishes and can be neglected in the computation. This is not the case for the torus. The BPS solution (the explicit form of which will be discussed in the last section) has a constant curvature that in the block decomposition form can be written as

F_{12} = ( −^{2πi}_{θ+1} 1 0 0 −^{2πi}_{θ+1} 1 ) . Its energy is E^{SY M}_{BP S} = (2π)^2 2g^2_{Y M} √ detG(θ + 1) and the soliton excess energy is

ΔE = E_{sol} − E^{SY M}_{BP S} =

(2π)^2 2g^2_{Y M} √ detGθ(θ + 1)

. (3.5)

To compute the D0-D2 binding energy in the presence of B-field we can use the Born- Infeld energy. In the Seiberg-Witten decoupling limit

α^′ ∼ ϵ^{1/2} → 0 , g_{ij} ∼ ϵ → 0 (3.6)

the energy of the D2-brane has an expansion

E_{D2} = T_2 √ detg + det(2πα^′B) = T_22πα^′B + ( T_2 2 ) detg 2πα^′B + O(ϵ) where T_2 = (g_s(2π)^2(α^′)^{3/2})^{−1} is the 2-brane tension. The energy of the bound state can be evaluated from the above Born-Infeld by adding the corresponding constant field strength as

E_{D2/D0} = T_2 √ detg + det(2πα^′(B + 2π)) = T_22πα^′B + ( T_2 2 ) detg 2πα^′(B + 2π) + O(ϵ) .

– 8 –

Thus the D0-D2 binding energy is

E_{bind} = T_0 + E_{D2} − E_{D2/D0} =

T_2 detg 2α^′B(B + 2π)

. (3.7)

To compare this expression with the soliton excess energy we rewrite (3.5) in terms of closed string parameters B and g. It follows from our periodicity conventions x^i ∼ x^i + 1 that 2π/θ = B. In the Seiberg-Witten limit (3.6) on a D2p-brane we have in the leading order [2]

G_{ij} = −(2πα^′)^2(Bg^{−1}B)_{ij} , 1 g^2_{Y M} = √ detg |PfB|g_s(α^′)^{2p−3/2}(2π)^{3p−2} = √ detgT_{2p} |PfB|(2π)^{p−2}(α^′)^{p−2} . (3.8)

Taking p = 1 and substituting these expressions in (3.5) we find an exact agreement with (3.7).

This result supports our proposal that the solution (3.2) describes the undissolved D0 on D2 system on a torus with a uniform magnetic field turned on. A further support comes from matching the spectrum of quadratic fluctuations around (3.2) with that of the D0-D2 excitations in the decoupling limit (3.6) taken on a torus.

Fluctuations. Let us represent fluctuations around (3.2) in the form δA_j = ( δz_j δψ_j δψ^∗_j δu_j ) , δX^I = ( δa^I δχ^I δχ^{∗I} δb^I ) . The Gauss constraint [∇_i, ∂_tA^i] + [X_I , ∂_tX^I ] = 0 being expanded to the first order in fluctuations gives

∂_t([ ~∇^0_i , δz^i]) = 0 , ∂_t([∂_i, δu^i]) = 0 , ∂_t( ~∇^0_i δψ^i + ic_iδψ^i + x_I δχ^I ) = 0 . (3.9)

The calculation of the second derivative matrix is similar to the analogous computation on the plane. There is only one point in the computation that we would like to highlight. When encountering expressions of the form Tr_{1/θ}δψ_i ∘ δψ^∗_j or Tr_θδχ^∗_i ∘ δχ_j we use the identity (2.13) that gives us ⟨δψ_j , δψ_i⟩_C and ⟨δχ_i, δχ_j ⟩_C respectively. With this in mind it is straightforward to obtain − 1 2 δ^2S = √ G g^2_{Y M} (K_{2−2} + K_{0−0} + K_{0−2}) ,

where

K_{2−2} = Tr_θ (1 2 (∂_tδu_i)^2 + 1 2 (∂_tδb^I )^2 + 1 4 ([∂_i, δu_j ] − [∂_i, δu_j ])^2 + 1 2 [∂_i, δb^I ]^2 ) (3.10)

K_{0−0} = Tr_{1/θ} (1 2 (∂_tδz_i)^2 + 1 2 (∂_tδa^I )^2 + 1 4 ([ ~∇^0_i , δz_j ] − [ ~∇^0_j , δz_i])^2 + 1 2 [ ~∇^0_i , δa^I ]^2 ) (3.11)

K_{0−2} = ‖∂_tδψ^i‖^2_C + ‖∂_tδχ^I ‖^2_C + 1 2 ‖ ~∇^0_i δψ_j − ~∇_jδψ_i + i(c_iδψ_j − c_j δψ_i)‖^2_C − (3.12)

−(detG)^{−1} 2πi θ (⟨δψ_2, δψ_1⟩_C − ⟨δψ_1, δψ_2⟩_C ) + ‖ ~∇^0_i δχ^I + ic_iδχ^I − ix^I δψ_i‖^2_C ,

– 9 – where all of the summations in indices i, j are performed with the metric tensor G^{ij} .

It is not hard to see from the expression for K_{0−2} that despite a more complicated structure (2.10) of the off-diagonal terms, in the matrix of quadratic fluctuations their contribution is exactly the same as on the plane [7, 10]. This happens due to identities (2.13). This of course goes along well with our physical interpretation because on the torus the 0-2 strings have the same spectrum as on the plane. Our analysis of (3.12) is essentially the same as in [7]. In order to have a complete discussion and bearing in mind the difference in notation that might obscure the correspondence with [7] we would like to sketch here the analysis of K_{0,2}. For simplicity let us first consider the case x^I = 0 when D0 seats on top of D2. Let us also assume here G_{ij} = Gδ_{ij} (we will restore a generic constant metric later in the analysis of diagonal fluctuations where it will be truly important). Recall that in the Fock space picture of the module E_{0,1} the operators ~∇^0_j are expressed via creation and annihilation operators according to (2.8). It is easy to see that the spectrum of fluctuations does not depend on the moduli c_j as one can absorb them into redefined creation and annihilation operators related to the ones introduced in (2.7) by a suitable unitary transformation on L_2(R^1 ). Changing the variables

δψ_1 = i(δψ_− − δψ_+) 1 √ 2 , δψ_2 = (δψ_− + δψ_+) 1 √ 2 and using (2.8) we obtain for the potential term in (3.12) 2π θG^2 (‖aδψ_− + a^†δψ_+‖^2 + ‖δψ_+‖^2 − ‖δψ_−‖^2 + G⟨δχ^I , (1 + 2a^†a)δχ^I ⟩_C ) .

Expanding δψ_± = ∑ n≥0 t^±_n |n⟩ , δχ^I = ∑ n≥0 s^I_n|n⟩ and substituting into the above expression we obtain

K_{0−2} = ∞∑ n=0 1 2G |∂_tt^+_n |^2 + 1 2G |∂_tt^−_n |^2 + 1 2 |∂_ts^I_n|^2 +

+ 2π θG^2 (^∞∑ n=0 | √ n t^+_{n−1} + √ n + 1 t^−_{n+1}|^2 + |t^+_n |^2 − |t^−_n |^2 + G(2n + 1)|s^I_n|^2 ) . It follows from this expression that the bosonic spectrum of 0-2 strings contains a tachyon mode t^−_0 with mass squared m^2_{tach} = −2π/(Gθ) = −g(2πα^′)^{−2}B^{−1}, a tower of positive mass modes ξ_n = 1 √ 2n + 1 (√ n + 1 t^+_{n−1} + √ n t^−_{n+1} ) with m^2 = (2n + 1)g(2πα^′)^{−2}B^{−1}, the same tower for each transverse scalar χ^I and an infinite number of zero modes

η_n = 1 √ 2n + 1 (√ n t^+_{n−1} − √ n + 1 t^−_{n+1} )

that are nondynamical due to the Gauss law constraint (3.9). The analysis of 0-2 strings in the Seiberg-Witten decoupling limit is exactly the same on the torus as on the plane, thus

– 10 – as it was shown in [7] we have a match of the fluctuation spectra in this sector. It is easy to see from (3.12) that switching on the moduli x^I shifts all squared masses up by x^I x_I . This matches with the shift in the spectra of D0-D2 system that occurs when we displace D0 in a direction transverse to the torus by the vector 2πα^′x^I .

Let us discuss next the spectrum of fluctuations entering the K_{0−0} term. Expanding δz_j = ∑ n∈Z^2 q_j(n)Z_n , δa^I = ∑ n∈Z^2 r^I (n)Z_n

imposing the Gauss law constraint (3.9) and using the formula

[ ~∇^0_j , Z_n] = 2πi θ n_jZ_n , (3.13)

that follows from (2.6), (2.4), we obtain that the fluctuations are described in terms of a set of 8 towers of oscillators with frequencies

ω^2(n) = ( 2π θ )_2

n_iG^{ij} n_j (3.14)

and polarization transverse to n. On the other hand, for a D0-brane on a torus with closed string metric g_{ij} and radii r = 1/2π the winding modes w^i contribute to the spectrum as

m^2 = ( 1 2πα^′ )_2 w^ig_{ij} w^j + 1 α^′ (N − a) . In the Seiberg-Witten limit the surviving states in the bosonic sector are e_mψ^m_{−1/2}|0, w_1, w_2⟩_{NS} where e_m is the polarization vector for the collective coordinates of D0-brane. We have therefore 8 transverse oscillators with

m^2 = −w^i(BGB)_{ij}w^j = 1 θ^2 w^iϵ_{ij}G^{jk}ϵ_{kl}w^l that matches with (3.14) upon identification n_i = ϵ_{ij} w^j .

The term K_{2−2} similarly gives us a tower of K-K modes of noncommutative Yang-Mills theory with 7 adjoint scalars on a torus that is precisely what we expect for excitations of a wrapped D2-brane. Thus we see that the spectra in all sectors match.

Moduli. Now we would like to discuss the moduli c_i. It is clear that these moduli should come from the positions of D0-branes on the original shrinking torus. The analogous moduli and their interpretation for the case of noncommutative plane were discussed in [7, 9, 34, 10, 33] and more recently in [11]. On the torus we need to check the periodicities of c_j and a metric on them. We first note that due to gauge transformations

Z^†_n( ~∇^0_j + ic_j 1)Z_n = ~∇^0_j + i ( c_j + 2π θ n_j ) 1 the moduli c_i are periodic with periods 2π/θ. A natural metric on moduli c_i is G^{ij} . Probably the most convincing way to check the last statement is to consider a module representing two D0 branes on top of a D2-brane (more on these generalized solutions in

– 11 – the next section 4). It is given by a direct sum of two copies of D0-module E_{0,1} and a single copy of a D2-module E_{1,0}. Then the appropriate soliton has a form (3.2) with an upper block replaced by a two-by-two block (~ ∇^0_j + ic^{(1)}_j 1 0 0 ~∇^0_j + ic^{(2)}_j 1 ) . It can be checked then that the off-diagonal fluctuations in the above block are massive with masses m^2 = ( c^{(1)}_i − c^{(2)}_i ) G^{ij} ( c^{(1)}_j − c^{(2)}_j ) . If we introduce now rescaled coordinates c̃_j =^θ_{2π} c_j that have periodicities 1, then the metric on these coordinates is^{2π}_θ G^{ij} . On the other hand for the strings stretched between two D0 branes on a torus located at points x^i_1 and x^i_2 we have the mass spectrum of the form

m^2 = ( 2π α^′ )_2

(x^i_1 − x^i_2)g_{ij} (x^j_1 − x^j_2) + 1 α^′ (N − a) that in the Seiberg-Witten limit gives the metric −^{2π}_θ ϵ_{ik}G^{kl}ϵ_{lj}. Thus we can identify

c^a_i = 2π θ ϵ_{ij}x^j_a . (3.15)

Note that we could also switch on Wilson lines on the D2-brane by taking ∂_j + is_j 1 instead of ∂_j in (3.2). In that case a gauge transformation

U^†_n(∂_j + is_j 1)U_n = ∂_j + i(s_j + 2πn_j)1

implies that the moduli s_j have periodicities 2π. A natural metric on them is G^{ij} . It can be checked that in the Seiberg-Witten limit ( 2π α^′ )_2 g^′_{ij} → − 1 (α^′)^2 ( 1 B g 1 B )_{ij} = (2π)^2G^{ij} ,

where g^′_{ij} = ( α^′ g − 2πα^′B g α^′ g + 2πα^′B ) ij is a metric obtained from g_{ij}, B_{ij} by a T-duality in all sides of the torus. Thus the moduli s_j specify a point on the T-dual torus as it should be in the usual interpretation of Wilson lines.

Finally we would like to remark that the most direct way to see the localization of D0-brane and to check the metric on its positions moduli would be through the use of Seiberg-Witten transformation. Recently the Seiberg-Witten transform of noncommutative solitons and instantons on a plane was studied in papers [24, 25].

– 12 –

4. Generalizations

In this section we will consider both generalizations for higher dimensional tori and for systems with multiple numbers of branes.

We start with a solution describing an undissolved D0-brane seating on top of D2p brane wrapped on T^{2p}. For simplicity we will assume that our noncommutativity matrix is brought to the canonical form

(θ^{ij}) = θ_1ϵ 0 . . . 0 0 θ_2ϵ . . . 0 . . . . .. . . . 0 0 . . . θ_pϵ , (4.1)

where ϵ = ( 0 1 −1 0 ) . A D2p-module is again just a rank one free module over T^{2p}_θ . A D0-module is constructed by defining the action of torus generators on functions of p-variables x^1, . . . , x^p as ϕ(x)U_{2j+1} = ϕ(x^1, . . . , x^j − θ_j, . . . x^p) , ϕ(x)U_{2j} = e^{2πiθj xj} ϕ(x) , j = 1, . . . , p . (4.2) This module has a constant curvature connection

~∇^0_{2j+1}ϕ(x) = 2πi θ_j x^j · ϕ(x) , ~∇^0_{2j}ϕ(x) = ∂_j ϕ(x) (4.3)

with the curvature tensor [ ~∇^0_j , ~∇^0_k] = 2πi(θ^{−1})_{jk}1 .

By computing the Chern character and then using Elliott’s formula [12] (see e.g. [16] for an explanation of these tools in noncommutative geometry) one can show that this module has a D0 number equal to 1 and no other charges [21]. Next we take a module that is a direct sum of the D0-module (4.2) and a D2p-module and consider a SYM solution that upon using the connection (4.3) for ~∇^0_j has exactly the same form as (3.2). Its energy is given by (3.3) where G and θ are now understood as 2p × 2p matrices.

Soliton energy and D0-D4 binding energy. Next we would like to compute the soliton excess energy above the BPS state for p = 2 and compare it to the binding energy of the D0-D4 system. The BPS solution is a noncommutative instanton. It preserves^1_4 of supersymmetries. Its energy can be computed from the noncommutative SYM supersymmetry algebra and reads [22] E^{SY M}_{BP S} = √ detGπ^2 g^2_{Y M} (1 + Pfθ)

|tr(θ̃G^{−1}θ̃G^{−1})| +

(2π)^2 g^2_{Y M} (1 + Pfθ)

, (4.4)

where θ̃_{ij} =^1_2 ϵ_{ijkl}θ^{kl} and Pfθ is assumed to be positive. Let us explain here where this choice comes from. For a general module E over T^4_θ that carries n D4, m D0 and no other

– 13 – charges the noncommutative dimension is dim(E) = n + mPfθ and it has to be positive, otherwise this charges specify just a virtual module (a representative of the K_0 group). When n = 1 and m = 1 we can either have Pfθ > 0 or −1 < Pfθ < 0. In the last case however the module cannot be represented as a direct sum of a D4 and a D0 module, but rather as a difference (in the sense of K-theory). Thus to have simultaneously both the undissolved and the dissolved BPS solutions on our module we should take Pfθ > 0. This choice also follows from the analysis of the binding energy made below. The system with −1 < Pfθ < 0 behaves rather like a D0-D4 system (see more on this at the end of this section). The qualitatively different behavior for different signs of PfB in the D0-D4 system is discussed in [2, 29]. Note that in this paper we have the opposite sign convention than in those two papers (this comes from the use of Elliott’s formula (4.11)).

The soliton excess energy above the BPS state can be computed from (3.3), (4.4) to be ΔE = √ detGπ^2 g^2_{Y M} Pfθ(1 + Pfθ) |tr(θ̃G^{−1}θ̃G^{−1})| − (2π)^2 g^2_{Y M} (1 + Pfθ)

, (4.5)

where we used the identity tr 1 θ G^{−1} 1 θ G^{−1} = tr θ̃G^{−1}θ̃G^{−1} (Pfθ)^2 . The mass squared for a^1_4 BPS state with N_4 D4-branes and N_0 D0-branes in the presence of B-field is given by the following expression taken from [23] (see their formula (3.42))

M^2 = T^2_4 [ N^2_4 detg + (2πα^′)^4(N_4PfB + (2π)^2N_0)^2 + + 1 2 N^2_4 (2πα^′)^2|tr B̃gB̃g| + 2(2πα^′)^2(2π)^2|N_0N_4| √ detg ] . (4.6)

For N_0 = 1, N_4 = 1 we have in the limit (3.6)

E_{D4/D0} = T_4(2πα^′)^2(PfB + (2π)^2) +

T_4 (PfB + (2π)^2) [ 1 4 |tr B̃gB̃g| + (2π)^2 √ detg ] + O(ϵ) . (4.7) On the other hand for the energy of a single D4-brane in a B-field we have from (4.6 (or equivalently from Born-Infeld action)

E_{D4} = T_4(2πα^′)^2PfB + T_4|tr B̃gB̃g| 4PfB

+ O(ϵ) . (4.8)

Taking the difference we obtain for the binding energy in the leading order

E_{bind} = T_0 + E_{D4} − E_{D4/D0} =

(2π)^2T_4 (PfB + (2π)^2) [ |tr B̃gB̃g| 4PfB − √ detg ] . (4.9)

Upon expressing (4.5) in terms of closed string parameters (3.8) we find again an exact agreement with the binding energy (4.9). When checking this we found the following identity useful tr B̃gB̃g = detg tr Bg^{−1}Bg^{−1} .

– 14 –

The analysis of fluctuations around the 2p-dimensional soliton is parallel to the analysis for the two-dimensional case done in the previous section. In fact for the 0-0 and 4-4 strings the results for 2p = 2 can be generalized in a straightforward manner. As for the 0-4 strings it is simple to show using (2.13) that the quadratic fluctuation matrix in the end reduces to the one on the plane. We can use then the results of paper [10] in which the agreement of the soliton fluctuation spectrum and that of the 0-2p string excitations was checked for p = 1, 2, 3, 4.

Furthermore, in analogy with formulae (2.6) and (3.13) we can introduce a basis Z_n for the endomorphisms (generators of the 0-0 strings algebra) such that

[∇_j , Z_n] = 2πiθ^{−1}_{jk} n^kZ_n .

Then it is not hard to see that our discussion of the moduli generalizes to the case at hand and yields an identification c_j = 2πθ^{−1}_{jk} x^k analogous to (3.15). A similar statement is also true for the Wilson lines moduli on D2p.

Branes of intermediate dimension. So far we were discussing systems that contained branes of extremal dimensions. And these type of systems are in some sense direct descendants of the similar systems on a plane (sphere). It would be more interesting to see solitons describing undissolved branes of intermediate dimension. Here we would like to propose a module and a soliton that we conjecture describes a two-brane on top of a four-brane on T^4_θ . It will be clear from this particular example how one can generalize this solution to other systems with intermediate branes.

First note that with the choice of θ^{ij} in the form (4.1) the algebra of functions on a four-dimensional noncommutative torus T^4_θ is actually a tensor product T^2_{θ1} ⊗ T^2_{θ2} of two mutually commuting algebras of functions on two-dimensional tori. Thus we can consider modules that are tensor products F ⊗ G. Here F is a module over T^2_{θ1} and G is a module over T^2_{θ2} . Now take F = E_{0,1}, G = E_{1,0} where E_{0,1} and E_{1,0} are modules introduced in section 2. The Chern character for E = F ⊗ G is a product of the Chern characters of the factors: ch(E) = ch(F )ch(G) = 1 · (1 + α^2 ∧ α^3) = 1 + α^2α^3 where α^i stand for the noncommutative analogs of the integer cohomology generators. Thus we see that E carries charges corresponding to a D2-brane wrapped on the (1,2)-cycle. Furthermore this module has a connection

~∇_i = ~∇^0_i ⊗ 1 , for i = 1, 2 ~∇_i = 1 ⊗ ∂_i , for i = 3, 4

where ~∇^0_i is given by (2.4). This connection has a curvature tensor whose only nonvanishing components are F_{12} = −F_{21} = −^{2πi}_{θ1} · 1. To describe a D2-D4 system let us take a direct sum E = E_1 ⊕ E_2 of a module we have just described, to be denoted E_1, and a rank one free module E_2 = (T^4_θ )^1. Let us take a Yang-Mills field ∇_i to be a direct sum of ~∇_i described above and a standard connection ∂_i on E_2. Then it is straightforward to see that we have a solution to the Yang-Mills equations of motion (for simplicity we set here to zero the analogs of moduli c_i and x^I ). We also know that this module carries the correct D2

– 15 – and D4 charges. Furthermore it is not hard to see using the results we already obtained that we have the correct spectrum of fluctuations. Let us sketch how it works. Assume for simplicity that the metric G^{ij} also has a block-diagonal form with diagonal blocks giving a metric on each T^2. Fluctuations around the soliton have schematically the following form δA_j = ( δu_j ⊗ δz_j δu^′_j ⊗ δψ_j (δu^′_j )^∗ ⊗ δψ^∗_j δu^{′′}_j ) , where δz_j : F → F are endomorphisms of F (if we forget about the second torus these are elements of the 0-0 strings algebra on T^2_{θ2} ), δψ_j are elements of F itself, δu_j , δu^′_j ∈ T^2_{θ2} , δu^{′′}_j ∈ T^4_θ . The string spectrum in the D2-D4 system is also built as a tensor product of spectra for individual directions x^1, x^2, x^3, x^4. It is clear then that we should identify the fluctuations δz_j and δu_j with those of D-D and N-N directions in the 2-2 string excitations, δψ_j and δu^′_j with D-N and N-N directions for 2-4 strings, and δu^{′′}_j with excitations of 4-4 strings. Indeed, take for example the 2-2 sector. We showed already that the modes δz_j on T^2_{θ2} give the correct spectrum of D0-D0 winding modes. And this is precisely what we should have for the two D-D directions of the 2-2 strings as they can wind around the second torus. It is easy to see that the other sectors match as well.

Multiple branes. Once we constructed individual D2p-brane modules it is simple to construct modules describing multiple brane systems. To that end one simply takes direct sums of modules and elementary solutions on each one of them.

For example if we would like to describe a system of m D0-branes sitting on top of a stack of n D2 branes wrapped on a two-torus we take a direct sum of m copies of D0 module and n copies of the D2 module. The four blocks in (3.2) get enlarged to m × m, m × n and n × n matrices as

∇_j = (~ ∇_j ⊗ 1_{m×m} + ic_j 0 0 ∂_j ⊗ 1_{n×n} ) , X^I = ( x^I 0 0 0 ) , (4.10)

where c_j and x^I are now m × m diagonal matrices whose eigenvalues describe positions of m D0 branes. The analysis of fluctuations for this and analogous systems is a direct generalization of the one we described in section 2. Fluctuations in the upper and lower diagonal blocks in (4.10 are those of noncommutative Yang-Mills theories with gauge groups U(m) and U(n) respectively and with gauge fields taking values in the appropriate algebras: in the T_θ and in the T-dual torus T_{1/θ}. They describe the corresponding sectors of various D0-D0 and D2-D2 strings. The off diagonal terms correspond to the n × m sectors of D0-D2 strings each one described by a vector δψ_{ij} ∈ L_2(R^1 ).

A general projective module E over T^{2p}_θ is described by a collection of charges that can be written out as an inhomogeneous exterior form with integer coefficients

μ(E) = n + 1 2 m_{ij} α^i ∧ α^j + 1 4! m^{ijkl}α^i ∧ α^j ∧ α^k ∧ α^l + · · · + mα^1 ∧ · · · ∧ α^{2p} . The noncommutative dimension dim(E) of a module with such charges can be evaluated via Elliott’s formula [12]. One should apply to μ(E) an operator exp ( − ∂ ∂α_j θ^{jk} ∂ ∂α_k ) (4.11)

– 16 – and take the zero grading component. The condition for μ(E) to give topological numbers of a projective module is dim(E) > 0. For example a system with n D0 and m D2p charges defines a projective module if n + mPfθ > 0. In particular we may have negative n or m in some ranges allowed by the value of Pfθ. In that case we cannot represent such a module as a direct some of D0 and D2p modules and they have no solutions analogous to the solitons we have been considering so far. However these modules can be represented as a difference of modules in the sense of K-theory group. This suggests a physical interpretation of these modules as the ones describing a result of tachyon condensation of tachyons in D2p-D0 or D2p-D0 systems. For example consider the situation when Pfθ > 0 and a module has a noncommutative dimension 1 − Pfθ. It is a real (as opposed to a virtual one) module when Pfθ < 1 or Pf(B/(2π)) > 1 that is when the induced D0 charge due to the magnetic field on the D2p-brane can compensate the charge −1 of the anti D0-brane. Tachyon condensation processes for non-BPS branes and brane-antibrane systems on noncommutative tori were studied in [18, 19, 20].

5. Some open problems

For D0-D2 and D0-D4 systems that we discussed in detail we know the solitonic configuration describing a point-like D0 sitting on top of the higher-dimensional brane and we know that there exists on the same module an exact solution describing a BPS configuration in which D0 is smeared over the D2p brane. For D0-D2 system this is a constant curvature connection and for D0-D4 it is a noncommutative instanton. However we have not given an explicit construction of either of them. And the reason is that the direct sum representation of the module is not well suited for that purpose. Let us illustrate this point on the simplest example of D0-D2 system.

From general results on noncommutative tori [14] we know that any module over a two-dimensional torus (with irrational θ) admits a constant curvature connection. One can choose a gauge in which an arbitrary constant curvature connection takes the form ∇^{cc}_j + c_j · 1 where ∇^{cc}_j is some fiducial constant curvature connection and c_j are numbers. To find ∇^{cc}_j explicitly in the direct sum representation of our D0-D2 module we need to take a general connection in the form (2.9) and plug it into the equation F_{12} = const · 1. In terms of components this is a system of 4 coupled equations that so far resisted our attempts to solve it directly. On the other hand there is another representation of the D0- D2 module in which it is very easy to construct such a connection. In this representation an element of E is represented by a single function f(x) ∈ L_2(R^1 ) and the torus generators act as f(x)U_1 = f(x − θ − 1) , f(x)U_2 = e^{2πix}f(x) and a constant curvature connection can be chosen as

∇^{cc}_1 = 2πi θ + 1 x , ∇^{cc}_2 = ∂ ∂x . We know that both representations of the D0-D2 module are isomorphic, the problem is to find an explicit isomorphism. One can write the following general ansatz for such an

– 17 – isomorphism M : E_{0,1} ⊕ E_{1,0} → L_2(R^1 ): M : (ψ(x), U_n) → Sψ(x) + χ(x)U_n , M^{−1} : ϕ(x) → (T ϕ(x), ⟨χ̃ , ϕ⟩_{Tθ} ) where S, T are some operators on L_2(R^1 ) and χ(x), χ̃(x) are some fixed functions. The condition that M^{−1} in the second line is indeed the inverse to M gives the following set of equations:

S^†ψ̃ = 0 , T ψ = 0 , T S = 1 , ST = 1 − ⟨ψ̃, ψ⟩_{T1/θ} (5.1)

from which it is clear that ⟨ψ̃, ψ⟩_{T1/θ} is a projector that cuts out of L_2(R^1 ) a submodule isomorphic to E_{0,1} and the complement submodule is a cyclic one spanned by the action of T_θ on a single vector ψ(x). This construction is an analog of the partial isometry operators S and S^† used to construct solitons on the plane. So far we have been unable to find a suitable solution of these equations.

In [7] a consistent truncation of massive modes was proposed based on the symmetry properties of both the solitonic solution and the solution describing the final state of the tachyon condensation. It was shown that the massive modes can then be integrated out leading to an effective tachyon potential. For a similar analysis for the tachyon condensation on a torus one seems to need at least an explicit solution to (5.1). We leave this problem among others for a future investigation.

Acknowledgments

I would like to thank Nikita Nekrasov for useful discussions and the Erwin Schroedinger Institute for Mathematical Physics where part of this work was done for a warm hospitality.

References

[1] E. Gava, K.S. Narain and M.H. Sarmadi, On the bound states of p- and (p + 2)-branes, Nucl.

Phys. B 504 (1997) 214 [hep-th/9704006].

[2] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[3] B. Chen, H. Itoyama, T. Matsuo and K. Murakami, p-p^′ system with b field, branes at angles and noncommutative geometry, Nucl. Phys. B 576 (2000) 177 [hep-th/9910263]; Worldsheet and spacetime properties of p-p^′ system with B field and noncommutative geometry, Nucl. Phys. B 593 (2001) 505 [hep-th/0005283]; Correspondence between noncommutative soliton and open string/D-brane system via gaussian damping factor, Prog. Theor. Phys. 105 (2001) 853 [hep-th/0010066].

[4] A.P. Polychronakos, Flux tube solutions in noncommutative gauge theories, Phys. Lett. B 495 (2000) 407 [hep-th/0007043].

[5] D.J. Gross and N.A. Nekrasov, Dynamics of strings in noncommutative gauge theory, J. High Energy Phys. 10 (2000) 021 [hep-th/0007204].

– 18 –

[6] D. Bak, Exact multi-vortex solutions in noncommutative abelian- Higgs theory, Phys. Lett. B 495 (2000) 251 [hep-th/0008204].

[7] M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, Unstable solitons in noncommutative gauge theory, J. High Energy Phys. 04 (2001) 001 [hep-th/0009142].

[8] J.A. Harvey, P. Kraus and F. Larsen, Exact noncommutative solitons, J. High Energy Phys.

12 (2000) 024 [hep-th/0010060].

[9] D.J. Gross and N.A. Nekrasov, Solitons in noncommutative gauge theory, J. High Energy Phys. 03 (2001) 044 [hep-th/0010090].

[10] A. Fujii, Y. Imaizumi and N. Ohta, Supersymmetry, spectrum and fate of D0-Dp systems with B-field, Nucl. Phys. B 615 (2001) 61 [hep-th/0105079].

[11] M. Hamanaka, Y. Imaizumi and N. Ohta, Moduli space and scattering of D0-branes in noncommutative super Yang-Mills theory, Phys. Lett. B 529 (2002) 163 [hep-th/0112050].

[12] G.A. Elliott, On the K-theory of the C^∗-algebra generated by a projective representation of a torsion-free discrete abelian group, in Operator Algebras and Group representations, vol. 1, pp. 159, Pitman, London 1984.

[13] A. Connes and M. Rieffel, Yang-Mills for non-commutative two-tori, in Operator Algebras and Mathematical Physics, pp. 237-266, Contemp. Math. , Oper. Algebra, Math. Phys. 62, AMS 1987, Iova City, Iova, 1985,

[14] M. Rieffel, Projective modules over higher-dimensional non-commutative tori, Can. J. Math., vol. XL, No. 2 (1988) 257-338.

[15] M. Rieffel, C^∗-algebras associated with irrational rotations, Pacific Journal of Mathematics, Vol. 93, No. 2 (1981) pp. 415-429.

[16] A. Konechny and A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, Phys. Rept. 360 (2002) 353 [hep-th/0012145].

[17] A. Konechny and A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, part II, Phys. Rept. 360 (2002) 353 [hep-th/0107251].

[18] I. Bars, H. Kajiura, Y. Matsuo and T. Takayanagi, Tachyon condensation on noncommutative torus, Phys. Rev. D 63 (2001) 086001 [hep-th/0010101].

[19] T. Krajewski and M. Schnabl, Exact solitons on noncommutative tori, J. High Energy Phys.

08 (2001) 002 [hep-th/0104090].

[20] H. Kajiura, Y. Matsuo and T. Takayanagi, Exact tachyon condensation on noncommutative torus, J. High Energy Phys. 06 (2001) 041 [hep-th/0104143].

[21] A. Konechny and A. Schwarz, Moduli spaces of maximally supersymmetric solutions on noncommutative tori and noncommutative orbifolds, J. High Energy Phys. 09 (2000) 005 [hep-th/0005174].

[22] A. Konechny and A. Schwarz, Supersymmetry algebra and BPS states of super Yang-Mills theories on noncommutative tori, Phys. Lett. B 453 (1999) 23 [hep-th/9901077].

[23] N.A. Obers and B. Pioline, U-duality and M-theory, Phys. Rept. 318 (1999) 113 [hep-th/9809039].

[24] K. Hashimoto and H. Ooguri, Seiberg-Witten transforms of noncommutative solitons, Phys.

Rev. D 64 (2001) 106005 [hep-th/0105311].

– 19 –

[25] P. Kraus and M. Shigemori, Non-commutative instantons and the Seiberg-Witten map,

hep-th/0110035.

[26] M. Mihailescu, I.Y. Park and T.A. Tran, D-branes as solitons of an N = 1, D = 10 non-commutative gauge theory, Phys. Rev. D 64 (2001) 046006 [hep-th/0011079].

[27] E. Witten, BPS bound states of D0-D6 and D0-d8 Systems in a B-field, hep-th/0012054. [28] M. Sato, BPS bound states of D6-branes and lower dimensional D-branes, Int. J. Mod. Phys.

A 16 (2001) 4069 [hep-th/0101226].

[29] J.R. David, Tachyon condensation in the D0/D4 system, J. High Energy Phys. 10 (2000) 004 [hep-th/0007235].

[30] A. Schwarz, Noncommutative instantons: a new approach, Commun. Math. Phys. 221 (2001) 433 [hep-th/0102182].

[31] F. P. Boca, Projections in rotation algebras and theta functions, Commun. Math. Phys. 202 (1999) 325.

[32] E.J. Martinec and G.W. Moore, Noncommutative solitons on orbifolds, hep-th/0101199. [33] M. Hamanaka, ADHM/Nahm construction of localized solitons in noncommutative gauge theories, hep-th/0109070.

[34] M. Rangamani, Reverse engineering ADHM construction from non-commutative instantons,

hep-th/0104095.

– 20 –